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LIEB-THIRRING INEQUALITY WITH SEMICLASSICAL
CONSTANT AND GRADIENT ERROR TERM
PHAN THA`NH NAM
Abstract. In 1975, Lieb and Thirring derived a semiclassical lower
bound on the kinetic energy for fermions, which agrees with the Thomas-
Fermi approximation up to a constant factor. Whenever the optimal
constant in their bound coincides with the semiclassical one is a long-
standing open question. We prove an improved bound with the semi-
classical constant and a gradient error term which is of lower order.
An important consequence of the Pauli exclusion principle is the fact
that the kinetic energy of fermions increases much faster than the number
of particles. In fact, a simple calculation shows that the lowest kinetic energy
of N identical fermions confined in a unit volume in Rd is nearly Kcld N
1+2/d
at leading order of N large. Here
Kcld :=
d
d+ 2
· 4pi
2
(qωd)2/d
(1)
is the semiclassical constant, with q the number of spin states (q = 2 for elec-
trons) and ωd the volume of the unit ball in R
d. In general, the semiclassical
approximation of the kinetic energy of fermions in Rd is
Tr(−∆γ) ≈ Kcld
∫
Rd
ργ(x)
1+2/ddx (2)
where γ is the one-body density matrix of the system, which is a trace class
operator on L2(Rd,Cq) satisfying 0 ≤ γ ≤ 1, and ργ(x) = TrCq γ(x, x) is
the one-body density. The approximation (2) has been used widely in the
Thomas-Fermi and related density-functional theories [12].
In 1975, Lieb and Thirring [14, 15] derived the rigorous lower bound
Tr(−∆γ) ≥ Kd
∫
Rd
ρΨ(x)
1+2/ddx (3)
for all one-body density matrices γ, with a universal constant 0 < Kd < K
cl
d .
Whenever (3) still holds true with Kd replaced by K
cl
d (when d ≥ 3) is a
long-standing open question. Currently, the best justified constant for d = 3
is 0.672 ×Kcld [3]. See also [10] for a numerical investigation.
In this note, we will derive an improved version of (3) with the semiclas-
sical constant and an error term of lower order.
Theorem. If γ is a trace class operator on L2(Rd,Cq) satisfying 0 ≤ γ ≤ 1,
then for all ε > 0,
Tr(−∆γ) ≥ (1− ε)Kcld
∫
Rd
ργ(x)
1+2/ddx− Cd
ε3+4/d
∫
Rd
∣∣∇√ργ(x)∣∣2 dx. (4)
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Here Cd > 0 is a universal constant depending only on the dimension.
Note that our bound (4) implies the Lieb-Thirring inequality (3) (with a
non-sharp constant) by means of the Hoffmann-Ostenhof inequality [20]
Tr(−∆γ) ≥
∫
Rd
∣∣∇√ργ(x)∣∣2 dx. (5)
In most of physically interesting situations, the gradient term on the right
side of (5) is much smaller than the kinetic energy. For example, at the
ground state of N ideal (i.e. non-interacting) fermions in a fixed volume,
the gradient term is proportional to N while the kinetic energy grows as
N1+2/d when N becomes large.
In principle, the gradient term corresponds to the uncertainty principle
which is essentially a one-body effect, while the semiclassical term
∫
ρ
1+2/d
γ
captures the exclusion principle which is a truly many-body effect. The gra-
dient terms have also appeared in recent improvements of the Lieb-Oxford
estimate on Coulomb exchange energy [1, 9].
When d ≤ 2, the optimal value of Kd in (3) is expected to be KSod < Kcld
where KSod is the best constant in Sobolev’s inequality (a special case of (3)
when γ is a rank-one projection)∫
Rd
|∇√ρ(x)|2 dx ≥ KSod
∫
Rd
ρ1+2/ddx, ∀ρ ≥ 0,
∫
ρ = 1. (6)
By contrast, our bound (4) holds for all dimensions d ≥ 1.
The original proof of the Lieb-Thirring inequality (3) in [14, 15] is based
on its dual version
Tr[−∆+ V (x)]− ≥ −Ld
∫
Rd
|V−(x)|1+d/2dx (7)
with
Ld :=
(
1 +
d
2
)−1 [(
1 +
2
d
)
Kd
]−d/2
. (8)
Here a− = min(a, 0) and the left side of (7) is the sum of all negative
eigenvalues of the Schro¨dinger operator −∆+ V . The eigenvalue bound (7)
has its own interest and admits several generalizations; see e.g. [13, Chapter
12] for further discussions. Unfortunately, this duality argument does not
seem to apply to (4).
In 2011, Rumin found an elegant, direct proof of (3). His ideas have been
used to derive a positive density analogue of (3) in [6] and to provide a short
proof of the Cwikel-Lieb-Rozenblum (CLR) bound in [5].
Recently, Lundholm and Solovej [18] found another direct proof of (3).
Their key observation is that (3) can be derived from a local version of the
exclusion principle, which goes back to the first proof of the stability of
matter by Dyson and Lenard [4] (the second proof of the stability of matter
was given by Lieb and Thirring [14] by means of their inequality (3)). This
approach has been used to prove Lieb-Thirring type inequalities for particles
with fractional (anyon) statistics [18, 19], for particles with point interactions
[7] and for bosonic systems with homogeneous interactions [17, 16].
3Inspired by [18, 7, 17, 16], we also use a localization argument to prove
(4). Our new observation is that locally the density ργ(x) is close to a
constant and the local contribution of the kinetic energy can be estimated
by the sum of eigenvalues of Laplacian on a domain. This simplification
allows us to recover the semiclassical constant, by means of a variant of the
Berezin-Li-Yau inequality [2, 11]. The error of the localization procedure,
which essentially comes from the uncertainty principle, can be controlled by
the gradient term. The details are given below.
Proof of Theorem. First, by a convexity argument, it suffices to consider
the case q = 1. We will denote by C ≥ 1 a universal constant depending
only on the dimension. The proof is divided into 3 steps.
Step 1. By a density argument, it suffices to consider the case when ργ has
compact support. We cover the support of ργ by a family of (finitely many)
disjoint cubes {Q}, whose construction will be specified later.
Since γ is a trace class operator, it admits the spectral decomposition
γ =
∑
i
λi|ui〉〈ui|
where {ui} is an orthonormal family in L2(R2) and 0 ≤ λi ≤ 1. Then
Tr(−∆γ) =
∑
i
λi
∫
Rd
|∇ui(x)|2dx =
∑
Q
∑
i
λi
∫
Q
|∇ui(x)|2dx. (9)
Let us show that for every cube Q,
∑
i
λi
∫
Q
|∇ui(x)|2dx ≥ Kcld |Q|−2/d
[(∫
Q
ργ
)1+2/d
− C
(∫
Q
ργ
)1+1/d]
.(10)
If
∫
Q ργ < 1, then (10) becomes trivial since the right side is negative with
C = 1. Therefore, we can assume
∫
Q ργ ≥ 1. The left side of (10) can be
rewritten as Tr[−∆QγQ], where −∆Q is the Neumann Laplacian on Q and
γQ = 1Qγ1Q (with 1Q the indicator/characteristic function of Q). Using
0 ≤ γQ ≤ 1 and explicit eigenvalues of the Neumann Laplacian on a cube,
we can estimate
Tr[−∆QγQ]− |Q|−2/dµ
∫
Q
ργ = Tr[(−∆Q − |Q|−2/dµ)γQ]
≥ Tr[−∆Q − |Q|−2/dµ]− = |Q|−2/d
∑
p∈(N0)d
[
pi2|p|2 − µ
]
−
= |Q|−2/d
d∑
k=0
(
d
k
) ∑
r∈Nk
[pi2|r|2 − µ]−
for all µ > 0. Here recall that a− = min(a, 0) and we distinguished N0 =
{0, 1, 2...} from N = {1, 2, ...}. By the Berezin-Li-Yau inequality [2, 11] for
the sum of Dirichlet eigenvalues (with Lcld being related to K
cl
d as in (8))∑
r∈Nk
[
pi2|r|2 − µ
]
−
≥ −Lclk µ1+k/2,
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we obtain
Tr[−∆QγQ] ≥ |Q|−2/d
[
µ
∫
Q
ργ − Lcld µ1+d/2 −C
d−1∑
k=0
µ1+k/2
]
for all µ > 0. Optimizing over µ leads to (10) (the contribution of µ1+k/2
with k < d− 1 is small because ∫Q ργ ≥ 1).
Note that (10) is essentially equivalent to a Weyl asymptotic estimate on
the sum of Neumann eigenvalues on a cube; see [8] for related results.
From (9) and (10), it follows that
Tr(−∆γ) ≥ Kcld
∑
Q
|Q|−2/d
[(∫
Q
ργ
)1+2/d
− C
(∫
Q
ργ
)1+1/d]
. (11)
Step 2. We show that for every 0 < Λ ≤ Tr γ, it is possible to choose the
cubes {Q} such that ∫
Q
ργ ≤ Λ, ∀Q, (12)
and ∑
Q
|Q|−2/d
[
CΛ−1/d
(∫
Q
ργ
)1+2/d
−
(∫
Q
ργ
)1+1/d]
≥ 0. (13)
The construction of the cubes is similar to [16, Lemma 9]: first we cover
the support of ργ by a big cube, then divide it into 2
d sub-cubes of half side
length; if the integral of ργ on any sub-cube is still bigger than Λ, then we
continue dividing this sub-cube into 2d (sub-) sub-cubes of half side length
and repeat the procedure. After finitely many steps, we obtain a collection
of disjoint sub-cubes {Q} satisfying (12). Moreover, we can distribute the
sub-cube Q into disjoint groups such that in each group:
(i) The integral of ργ over the union of the smallest sub-cubes is ≥ Λ;
(ii) There are at most 2d sub-cubes of every given size.
Consider an arbitrary group G. Let m be the volume of the smallest
sub-cubes in G. Then the volumes of all sub-cubes in G are m2dk with
k = 0, 1, 2, ... and there are at most 2d sub-cubes for each k. We have
max
Q∈G
|Q|=m
|Q|−2/d
(∫
Q
ργ
)1+2/d
≥ m−2/d
(
Λ
2d
)1+2/d
,
∑
Q∈G
|Q|−2/d
(∫
Q
ργ
)1+1/d
≤
∞∑
k=0
∑
Q∈G
|Q|=m2k
(m2dk)−2/dΛ1+1/d
≤
∞∑
k=0
2d(m2dk)−2/dΛ1+1/d =
4
3
· 2dm−2/dΛ1+1/d.
Thus, with C = 4d+2/3,
∑
Q∈G
|Q|−2/d
[
CΛ−1/d
(∫
Q
ργ
)1+2/d
−
(∫
Q
ργ
)1+1/d]
≥ 0.
5Summing over all groups leads to (13). From (11) and (13), it follows that
Tr(−∆γ) ≥ Kcld (1− CΛ−1/d)
∑
Q
|Q|−2/d
(∫
Q
ργ
)1+2/d
. (14)
Step 3. To conclude, let us show that
|Q|−2/d
(∫
Q
ργ
)1+2/d
≥ (1 + ε)−(1+4/d)
∫
Q
ρ1+2/dγ
− Cε−(1+4/d)
(∫
Q
|∇√ργ |2
)(∫
Q
ργ
)2/d
(15)
for every ε > 0. Denote
u(x) =
√
ργ(x), uQ = |Q|−1
∫
Q
u(x)dx.
For all ε > 0, by Ho¨lder’s inequality
(1 + ε)p−1
(|u(x)− uQ|p + ε1−p|uQ|p) ≥ (|u(x)− uQ|+ |uQ|)p ≥ |u(x)|p
with p = 2 + 4/d, we can write
|uQ|2+4/d ≥ (1 + ε)−(1+4/d)|u(x)|2+4/d − Cε−(1+4/d)|u(x)− uQ|2+4/d.
Next, integrate the latter estimate over x ∈ Q, then use Ho¨lder’s inequality∫
Q
|u|2 ≥ |Q|−1
(∫
Q
|u|
)2
= |Q||uQ|2
for the left side and the Poincare´-Sobolev inequality [13, Theorems 8.12]∫
Q
|u(x)− uQ|2+4/d dx ≤ C
(∫
Q
|∇u(x)|2dx
)(∫
Q
|u(x)|2dx
)2/d
for the right side. All this leads to (15) as u =
√
ργ .
Finally, insert (15) into (14) and use (12). We obtain
Tr(−∆γ) ≥ Kcld (1− CΛ−1/d)
[
(1 + ε)−(1+4/d)
∫
Rd
ρ1+2/dγ
−Cε−(1+4/d)Λ2/d
∫
Rd
|∇√ργ |2
]
for all ε > 0 and 0 < Λ ≤ Tr γ. Choosing ε = Λ−1/d, we get
Tr(−∆γ) ≥ Kcld (1− Cε)
∫
Rd
ρ1+2/dγ − Cε−(3+4/d)
∫
Rd
|∇√ργ |2 (16)
for all ε ≥ (Tr γ)−1/d.
If ε > 1, then 1 − Cε < 0 and the right side of (16) is negative. If
ε < min((Tr γ)−1/d, 1), then the right side of (16) is negative when CKSod > 1
because of (6). Therefore, (16) holds true for all ε > 0. It is equivalent to
(4) and the proof is complete. 
Finally, let us remark that our proof of (4) is very general and it could be
generalized in many other situations as soon as one has a Weyl asymptotic
estimate on cubes.
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